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Abstract. The aim of this article is to report on recent progress in un- 
derstanding mirror symmetry for some non-complete intersection Calabi- 
Yau threefolds. We first construct four new smooth Calabi-Yau three- 
folds with h 1 ' 1 = 1 of non-complete intersection type, whose existence 
was previously conjectured in [17] • We then compute the period integral 
of candidate mirror families for these Calabi-Yau threefolds and check 
that the Picard-Fuchs equations coincide with the expected Calabi-Yau 
equations listed in |16l 117] . Some of the mirror families turn out to have 
two maximally unipotent monodromy points. 

1. Introduction 

The aim of this article is to report on recent progress in understanding 
mirror symmetry for some non-complete intersection Calabi-Yau threefolds. 
Throughout this paper, we adopt the following definition. 

Definition 1.1. A d- dimensional Calabi-Yau variety X is a normal com- 
pact variety with at worst Gorenstein canonical singularities and with trivial 
dualizing sheaf lox — &x such that H l (X, Gx) = 0, (£ = 1, 2, . . . d — 1). 

We mainly discuss 3-dimensional Calabi-Yau varieties (Calabi-Yau three- 
folds) in this paper but most of the content can be easily generalized to other 
dimensional Calabi-Yau varieties. Among Calabi-Yau threefolds, those with 
h ' = 1 dimensional Kahler moduli space have been attracting much atten- 
tion since their expected mirror partners have h 2 ' 1 = 1 dimensional complex 
moduli space and hence one can work on them in detail. There are around 
30 known examples of topologically different smooth Calabi-Yau threefolds 
with h ' = 1, most of which are complete intersections in toric varieties 
and homogeneous spaces. Although non-complete intersection Calabi-Yau 
threefolds are only partially explored, they are intriguing on their own and 
provide important testing grounds for mirror symmetry. We thus think that 
the Calabi-Yau threefolds and mirror phenomena we report in this paper 
are of interest and will hopefully be the first step toward the future investi- 
gations. This paper is clearly influenced by E. R0dland's work [12], and we 
owe a lot of arguments to it. We mention it here, and do not repeat it each 
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time in the sequel. In the following, we give a brief overview of this paper. 

Section 2 is mainly devoted to the study of pfaffian threefolds in weighted 
projective spaces, pfafnan Calabi-Yau threefolds in P 6 was first studied by 
F. Tonoli in his thesis [15]. By replacing the ambient space IP 6 by weighted 
projective spaces, we obtain new smooth Calabi-Yau threefolds with h 1,1 = 1 
of low degree. We then determine their fundamental topological invariants, 
namely J x H 3 , f x 02(A) ■ H and J x 03(A), which determine the topological 
type of A when it is simply connected and h ' = 1 according to the cele- 
brated Wall's classification theorem [18]. The main result of this section is 
the following. See Section 2 for the definition of Xi and YJ. 

Theorem 1.1. A5, Xj, Aio and X25 are smooth Calabi-Yau threefolds with 
the following topological invariants. 



Xi 


h L > 1 




fx* 6 


J Xi C 2 (X^-H 


a 5 


1 


51 


5 


38 


x 7 


1 


61 


7 


46 


Aio 


1 


59 


10 


52 


X25 


1 


51 


25 


70 



The existence of Calabi-Yau threefolds with these geometic invariants was 
previously conjectured from the view point of classification of Calabi-Yau 
equations by C. van Enckevort and D. van Straten in |17j . 

In Section 3 and 4, we report on mirror symmetry for these Calabi-Yau 
threefolds. A pfaffian Calabi-Yau threefold A13 of degree 13 was constructed 
by F. Tonoli [15J and a candidate of a mirror family for A13 was proposed 
by J. Bcehm from the view point of tropical geometry in pQ. We first review 
the tropical mirror construction and its relation to orbifolding, and then 
justify the conjectural mirror family for A13 by computing the Picard-Fuchs 
equation. After computing the conjectural g = 0,1 BPS invariants {n 9 d }d£N, 
we heuristically determine the number of the degree 1 rational curves in a 
general degree 13 pfaffian Calabi-Yau threefold A13 and see it coincides with 
n\ as the mirror symmetry predicts. Interestingly, the family has a special 
point where all the indices of the Picard-Fuchs equation are 1/2, in addition 
to the usual maximally unipotent monodromy point at 0. 

Although the existence of mirror families for given Calabi-Yau threefolds 
is highly non-trivial, by following the lead of the degree 13 case, we ex- 
plicitly exhibit mirror families for Calabi-Yau threefolds A5, A7 and Aio 
by orbifolding and check that their Picard-Fuchs equations coincide with 
the expected Calabi-Yau equations, which are supposed to be the quantum 
differential equations of the initial threefolds. However, a generic member 
of these one-parameter families is quite singular and we could not find any 
crepant resolution. 
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Section 5 studies a degree 9 pfaffian Calabi-Yau threefold X$ C P(l 6 ,2), 
which is isomorphic to some Pg 2 - However, this twofold interpretation al- 
lows Xg to yield non-isomorphic special one-parameter families, both of 
which have the same Picard-Fuchs equation. 

After we posted the preliminary version of this paper to the arXiv, a 
physics paper |13j studied open mirror symmetry of pfaffian Calabi-Yau 
threefolds constructed in this paper. It would be also interesting to extend 
Hori-Tong GLSM description [9] to our pfaffian threefolds. 

Aknowledgement. The author would like to express his gratitude to Shi- 
nobu Hosono for his dedicated support and continuous encouragement. He 
greatly appreciates many helpful discussions with Makoto Miura at various 
stage of this work. His thanks also go to Duco van Straten for letting him 
know the new data base [16J and his comments on the preliminary version 
of this paper. 

2. Pfaffian Calabi-Yau Threefolds 

2.1. Pfaffian Threefolds in Projective Spaces. Suppose that R is a reg- 
ular local ring and / C R is an ideal of height 1 or 2, then J. -P. Serre proved 
that R/I is Gorenstein if and only if it is complete intersection. This is no 
longer true for height 3 ideals, but such Gorenstein ideals are characterized 
as pfaffian ideals of certain skew-symmetric matrices [3]. This reasonably 
motivates us to study pfaffian varieties in the hope that they are not too 
general non-complete intersection varieties to investigate. In this subsection, 
we review the basics of pfaffians in order to make this paper self-contained. 
Although a pfaffian variety is, in general, a non-complete intersection, it has 
an explicit resolution of the structure sheaf, called the pfaffian resolution. 
The pfaffian resolution turns out to be indispensable tools to analyze the 
pfaffian variety. 

In this paper we work over complex numbers C. Let SkewSym(n, C) be 
the set of n x n skew symmetric matrices. For N = (riij) 6 SkewSym(n,C) 
the pfaffian Pf(A r ) is defined as 

1 r 
Pf ^ = r\T 2 si S n ( CT ) II n «(iMr+i) 

if n = 2r is even, and Pf(iV) = if n is odd. It is easy to see that 
Pf(A) 2 = det(iV). We define ^ as a skew-symmetric matrix ob- 

tained by removing all the i,-th rows and columns from N, and i t 
as Pf(A r j 1) .. i) jJ. Set n = 2r + 1 from now on. The adjoint matrix of N is the 
matrix of rank 1, of the form 



adj(A0 =PP\ P = (P 1 ,P 2 ,...,P 2r+1 ) t , 
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We thus have P-N = dei(N)-E n = and if rank(iV) = 2r then {Pi}ZX gen- 
erate Ker(N). GL(n, C) acts on SkewSym(n, C) by conjugation with a finite 
number of orbits {02i}[=o where the orbit 02i consists of all skew-symmetric 
matrices of rank 2i. The closure 0<ii is singular along its boundary O21 \ C*2i 
which consists of the union of {O2j}j=o- 

Let us first recall the construction of pfaffian varieties in ¥ n (n > 3). We 
identify H 2 (F n ,7*) = Z via the hyperplane class. Given a locally free sheaf 
S of odd rank 2r + 1 on P n and t £ Z, a global section N G H°(F n , A 2 <#(i)) 

defines an alternating morphism <^ v (— t) A- S. Then the pfaffian complex 
associated to the data N) is the following complex 

► ff^-t - 2 S ) -A g y (-t - S) g{-8) -A 0pn, 

where s = ci + rt and P is defined as; 

P = 1 A r iV G °(P n , A 2r #(rt)). 

The first and third morphisms are given by taking the wedge product with 
P and P l respectively. Note that, once we fix a basis of sections {ej} 2 ^ 1 of 
N is just a matrix and we have 

2r+l 

P=Y t Vi{N i )l\e j . 

i=l j^i 

Definition 2.1. .A projective variety X C ¥ n is called a pfaffian variety 
associated to the data ($,N) if the structure sheaf Gx is given by Coker(P). 
The sheaf Im(P) C 0p™ is called the pfaffian ideal sheaf and denoted by J^x- 

When we do not specify the choice of N, it is understood that N is 
generically taken. In [15J, F. Tonoli took advantage of the following global- 
ized version of the classical theorem of D. A. Buchsbaum and D. Eisenbud 
and successfully gave some examples of smooth Calabi-Yau threefolds with 
h 1 ' 1 = 1 in P 6 . 

Theorem 2.1 (D. A. Buchsbaum, D. Eisenbud [4J). Let X C P™ be a 

pfaffian variety associated to the data (S,N). Then X is the degeneracy 
locus of the skew- symmetric map N and if N is generically of rank 2r it 
degenerates to rank 2r — 2 in the expected codimension 3, in which case, 
the pfaffian complex gives the self-dual resolution of the ideal sheaf of X. 
Moreover, X is locally Gorenstein, subcanonical withoox — &x{t+2s—n—l). 

Let X be a pfaffian Calabi-Yau variety of dimension 3 in P 6 . Here we 
have t + 2s = 7. By applying suitable twists, we can assume that s = 3 and 
henceforth we consider the pfaffian complex of the following type. 

— >■ 0jw(-7) A <f v (-4) -A <f(-3) -A F n — ► &x —> 
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It is natural to expect some bounding of topological invariants of pfaffian 
Calabi-Yau threefolds in P 6 . To see the restriction of the possible degree, 
we reduce the question to the compact complex surface theory by taking a 
hyperplane section. Let S be a compact, smooth complex surface. There 
are two important numerical invariants of S, namely a geometric genus 
p g = dim H°(S, Kg) and the self-intersection of the canonical divisor Kg. 

Theorem 2.2 (Castelnuovo inequality). Let S be a minimal surface of gen- 
eral type. If the canonical map &\k s \ : S 1 — ?■ P n is birational to the image, 
then K^>3p g -7. 

We say a variety X C P n is full if X is not contained in any hyper- 
plane. Let S be a smooth surface obtained by taking a hyperplane section 
of a full Calabi-Yau threefold X C P 6 . Then deg(X) = K 2 S and K s is nef 
since S is a canonical surface. As X C P 6 is full, the short exact sequence 
— > &x — > ^x(l) — > ^s(l) — ► gives the dimension count p g = 6 
and thus the lower bound of the degree of X is 11. Since Pjj 2 is of degree 9, 
we cannot remove the fullness on X. 

In [15], F. Tonoli constructed pfafnan Calabi-Yau threefolds of degree d 
from 11 to 17. Although Castelnuovo inequality tells us the minimal degree 
d of a full Calabi-Yau threefold in P 6 is 11, there seems no smooth one with 
d = 11, and the case d = 12 turns out to be just a complete intersection 
Pg 2 3 - Therefore the degree 13 is a good starting point to analyze. 

Definition 2.2 (F. Tonoli [15]). The degree 13 pfaffian Calabi-Yau three- 
fold X13 C P 6 is the degeneracy locus of a generic alternating morphism 

^ v (-l) 4 S, where § = ^ p6 (l) ^® 4 . 

X13 is known to be smooth and the geometric invariants are computed to 

be 

h 1 ' 1 = 1, h 1 ' 2 = 61, J H 3 = 13, f c 2 (X 13 ) ■ H = 58. 

The degree 14 pfaffian Calabi-Yau threefold X14 is defined by the lo- 
cally free sheaf <§ = &®1 ■ This is nothing but the intersection of P 6 with 
Pfaff(7) C P 20 , the rank 4 locus of projectivised general skew-symmetric 
7x7 matrices 
2 

P(/\C 7 ) = P(SkewSym(7,C)) D Pfaff(7) = {[M] \ rank(M) < 4}. 

A14 and its mirror partner are verified to have beautiful structures in [12j 
[31 [10] . We thus expect that the degree 13 pfaffian Calabi-Yau threefold X13 
has as rich structures as X14. 

2.2. Pfaffian Threefolds in Weighted Projective Spaces. F. Tonoli's 
construction is generalized by replacing the ambient space P 6 by any Fano 
variety. Special care must be taken when the ambient space is singular. 
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In the following we study the simplest case, when the ambient space is a 
weighted projective space P w . Given a locally free sheaf £ of odd rank 
2r + 1 on P w and t G Z, a global section N £ #°(P W , A 2 S(t)) defines an 

alternating morphism S y {— t) 8. Then the pfaffian complex associated 
to the data (S, N) is the following complex. 

— >• Pw (-t - 2s) A <f v (-t - s) A <f (-s) A ^ Pw , 

where s = c\ ($) + ri and P = ^ A r N are the same as before. The pfaffian 
variety X in P w associated to the data (d>, N) is a variety whose structure 
sheaf Ox is given by Coker(P). We also define |w| as a sum of weight of 
P 

JT W . 

Proposition 2.1. Zei P w be a weighted projective space of dimension 6 and 
{& , N) data as above. Moreover, X has trivial dualizing sheaf ux = &x if 
and only if t + 2s = |w| . 

Proof. Apply the functor ifom(-,wp w ) to the pfaffian resolution to com- 
pute the dualizing sheaf = & xt 3 (Ox, wp w ), which is isomorphic to = Cx 
if and only if t + 2s = |w| by the definition of the pfaffian variety. □ 

As we are interested in Calabi-Yau threefolds, we restrict ourselves to the 
case t + 2s = |w|. Moreover, up to an opportune twist, we may assume t = 1 
for |w| odd and t = for |w| even. 

Definition 2.3. Define X^, Xj and X\q as pfaffian varieties associated to 
the following P Wi; Si, and generic choices of N G H°(F v , i , A 2 <fj(i)). 



i 


Wj 




5 


(l 4 ,2 a ) 




7 


(1 5 ,2 2 ) 




10 


(P,2^) 





There are many other choices of weights w and locally sheaves S on 
P w to produce pfaffian Calabi-Yau threefolds but it seems only these three 
cases yield smooth Calabi-Yau threefolds in weighted projective spaces of 
dimension 6. 

Theorem 2.3. For a generic choice of N , the pfaffian varieties X$, X-j and 
X\q are smooth varieties. 

Proof. A generic choice of N guarantees quasi-smoothness of X{ as follows. 
For X 5 Sing(P W5 ) = P 2 and A 5 nSing(P W5 ) is identified with the intersection 
of P 2 with the rank 2 locus of projectivised general skew-symmetric 5x5 
matrices, Pfaff(5) n P 2 , which is empty. For X 7 on Sing(P W7 ) = P 1 , the 
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defining matrix N has the following form 

/ 


-9i -94 



N = 



93 \ 



~92 
\~93 



-95 
-96 



91 92 

94 95 96 













where {<?j}f =1 are liner polynomials of £5 and xq, and has rank greater than 
2 for a generic {gi}f =v Finally for X w generically P5|sin g (P wl0 ) / while 
Pj|sin g (p wi0 ) = for 1 < i < 4. So we henceforth assume that Xi avoids the 
singular locus Sing(P Wi ). 

Let P^ 1 = P Wi \ Sing(P Wi ). H° (P s ^ , A 2 ^(t)) is generated by global sec- 
tions and the surjection 



if°(P™ A 2 ^(t)) 0c — »• A 2 ^(i) 

induces a morphism / of P^™-schemes of full rank everywhere 

/ 



E = Spec(Sym(A 2 £i(t))) 



T®sm 

sending (x, N) ^ N(x). Let p : x #°QC?, A 2 Si{t)) -»• H°(F%%, A 2 <^(i)) 
be the second projection. Define E2 to be the codimension 3 variety of E 
whose fiber over a point x € P^™ is 

O2 C SkewSym(5,C) = 7r 2 _1 (a;) 

Note that 2 is independent of the identification SkewSym(5,C) = 7r 2 _1 (x). 
Then Y = f~ 1 (E2) is of codimension 3 and singular along / _1 (Sing(E , 2)) = 
P^™x{0}. p|y\(Sing(Y)) is dominant and the generic smoothness of p|y\(Sing(Y)) 
proves that for a generic choice of N £ H°(P%%, f\ 2 <$i{t)) 

fln(Sin g( y))( Ar ) = i(*> N ) I rank(iV(x)) = 2} 
is smooth and of dimension 3. The quasi-smoothness of Xi then shows 
P- D Xi = n 2 {p\-\ {Sing{Y)) (N)) =p\y\ iSmg{Y)) (N). 

□ 

For each Xi , vanishing of W (JQ , ) = for j = 1 , 2 readily follows 
from the pfafnan resolution. Therefore ^5,^7 and X\q are smooth Calalbi- 
Yau threefolds. In the following, we assign to each a polarization by the 
ample generator of PicpQ), ffx^H) coming from its ambient space P Wj . 
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Lemma 2.1. The Hilbert series H Xi (t) for the pfaffian Calabi-Yau threefold 
Xi i = 5, 7, 10 are given by the following; 



Hx 5 (t) 



1 + 3t 2 + t A 



Hx 7 (t) 



1 + t + 3t 2 + t 3 + t 4 



(1-t) 4 ' (1-t) 4 
1 + 2t + 4t 2 + 2t 3 + t 4 



(1-t) 4 

Proof. As we already have a resolution of the structure sheaf of Xi , the claim 
easily follows from the additivity of the Hilbert series and the formula 

APw..(<W (*))(*) 



nr= (i-*r 



□ 



Proposition 2.2. The degree j x H 3 of the pfaffian Calabi-Yau threefold 
Xi is i. 

Proof. Since pfaffian variety Xi is locally a complete intersection, the triple 
intersection J x H 3 coincides with d, where d is 3! times the leading coeffi- 
cient of the Hilbert polynomial P Xi (t), which is readily available thanks to 
the previous lemma. □ 

Proposition 2.3. J x C2(JQ) • H for each pfaffian Calabi-Yau 3-fold Xi is 



Xi 


x 5 


X 7 


X\o 




38 


46 


52 



Proof. Since we know that Xi is a smooth Calabi-Yau threefold, Hirzebruch- 
Riemann-Roch Theorem gives 



idegPQ) + ^jf c 2 (X l ).H. 



By the Kodaira vanishing theorem, H 3 (Xi, ffxiiH)) = except for j = 
and hence we have 

X(X U Xi {H)) = dimtf°(X 4 , ff Xi {H)) = dim H° (P Wi , ^p w . (H) ) 
This determine J x C2PQ) • H. □ 

We will also need the resolutions of the powers of pfaffian ideals, which 
are intensively studied in [2]. Let R be a commutative ring. We consider a 
free i?-module E of rank 2r + 1 and a generic alternating map N : E v —> E, 
then we have the pfaffian resolution. 



— ► R-^ E v ^ E R — > R/I — ► 0. 
Lemma 2.2 (|2i). The resolution of I 2 has the following form. 
> L( 2r -1)E = A^^E L^ 2r ^)E —h L(2 r+1)1 2}E = S2E I 2 — > 0, 



^E^R 
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where #1 is the second symmetric power of P and $3 and $2 induced by 
the map 

A a E ® s S b E ->■ A^ 1 ^ <3 S S b+1 E, u t> i-)- ^ nij-e, A«8 u e,-, 

where N = ^ j nijCi <8> wii/i respect to some fixed basis for E. 

Lemma 2.3. The resolutions of the ideal sheaf J * x , <0 X and ^x 10 are °f 
the following form. 

^ W5 (-12) ffi10 A ^(-10)®" A ^(-8)®" A J4 5 

— »• ^p W7 (-i2) e ^ Pw7 (-ii)® 6 e ^ Pw7 (-io)® 3 

A^C-io)® 6 e ^p W7 (-9)® 12 e ^p W7 (-8)® 6 



rw 7 



rw 7 



("7) fc 



7 (-6f 3 ^> ./£->() 







,(-io) 



e6 



,(-9)' 



B4 #3, 



(-f 4 ®%,„(- 



316 



#2, 



, 10 (-6r°A^i 10 



< r wi0 (-8)e^ wi0 (-7)® 4 e 

.Here eac/i term /rom Ze/t to r%/i£ is regarded as 5x5 skew- symmetric, general 
but top left being zero, and symmetric matrices and the morphisms are given 
by & 3 (X) = NX - (NX) 1A I, M x ) = XN + (XNY, tfi(X) = P l XP. 

Proof. By suitably identify A 3 F, LuuF and S2F with respectively 5x5 
skew-symmetric, general but top left being zero, and symmetric matrices, 
the morphisms #j are the above forms. □ 

Theorem 2.4. The Hodge numbers h 1 ' 1 and h 1,2 of the pfaffian Calabi-Yau 
threefold X{ are given by the following table. 





x 5 


x 7 






1 


1 


1 


h L >' 2 


51 


61 


59 



Proof. In the following, we simply write X = X{ and P w = P Wi for some 
i = 5,7, 10. Twisting the pfaffian resolution of the structure sheaf, we know 
that H*(X,0 x (-j)) ^ H i+3 (F w ,G ¥ J-\w\ -j)) (j = 1,2), which do not 
vanish only for i = 3. Restricting the weighted projective analogue of the 
Euler sequence on X, we obtain — > I? Pw ®^ Pw &x — > ©i=o &x{—Wi) — > 
&x — > 0. Since we know that X is a smooth Calabi-Yau threefold, the 
long exact sequence of this gives, H l (X, /?p w Gx) = (i = 0,2), 

H 1 (X, fl Vm 0^ Pw ff x ) ~ C and 

H 2 (X, Gx) — ► H 3 (X, l? Pw 0^ Pw 

6 

^H\X, ^(-^i)) — > H\X, ff x ) — ► 0. 
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Hence, we have h 3 {X,fl ¥m ®^ Pw ff x ) = h 3 (X, 0? =o &x(-Wi)) - 1. From 
the resolution of J^, — > J*\ in Lemma 12.31 we obtain 

3 

h A (F w ,J? x ) - h 5 (F w ,S x ) = ^(-l) i+1 ^ 6 (P w ,^) - fc 6 (P w , J x ). 

i=l 

The pfaffian resolution gives # 4 (P W ,^ X ) = # 6 (P W , ^p w (-|w|)) ^ C and 
H l (X,,y x ) = (otherwise). Since we know that X is indeed smooth, we 
have the following short exact sequence 

_, J* _> J X ^v /Pw _> o. 

The induced long exact sequence gives iP(P w , ^ X m ) = (0 < i < 2) and 

F 5 (P W ,^|) = # 6 (P W ,^!) = 0. Moreover, we also have the short exact 
sequence 

H 3 (F w ,^ /p J — ► ff 4 (P w , J*" 2 ) — > F 4 (P W ,^ X ) — > 0. 
and dimension counting shows 

3 

^(Pw,A V /Fw) = h3 ( X ^X/Fj = X)(-l) <+1 /l 6 (Pw,^i). 

i=l 

On the other hand, the conormal exact sequence yields 

_> F 2 (X, — > H 3 (X,^ /F J — > tf 3 (X, tt Pw ®„ Pw — > 

and -fT 1 (X, — C. We establish the formula 

6 

= £(-l)*+V(P W) J?i) - /i 3 (X, ^(-^)). 

i=l i=0 

Therefore h ' 2 is determined by the explicit description of JF. — )• derived 
in Lemma 12.31 □ 



h\x,Q x ) = h\x,j%pj - h 3 (n Fm ® e „ ff Xl0 ) 



3 



The existence of smooth Calabi-Yau threefolds X§, X-j and -X"iq with the 
computed topological invariants was previously conjectured from the view 
point of Calabi-Yau equations in [17J. Regrettably it has not been settled 
yet whether they are simply connected or not. 

2.3. Complete Intersection Type. In this subsection we study complete 
intersection of pfaffian varieties and hypersufaces in weighted projective 
spaces. The idea is that we use pfaffian varieties as codimension 3 ana- 
logue of hypersurfaces in the ambient space. 

Definition 2.4. Let <#25 = a locally free sheaf onP 9 . Two generic global 
sections Ni,N% E -ff°(P 9 , A 2 ^25(l)) define alternating morphisms Ni,N% : 
<?25( — *) ~~ * $25 • Define X25 as common degeneracy loci of Ni and N2. 
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Since the pfaffian sixfold associated to the data (£25, Ni) is Gr(2, 5) C 
P 9 , X25 is a complete intersection of two grassmannians embedded in two 
different ways ij : Gr(2, 5) P 9 (j = 1, 2). 

X 25 =f 1 (Gr(2,5))ni 2 (Gr(2,5)) 

Lemma 2.4. Lei X be a pfaffian variety associated to (S25, Ni). Then <$ x 
has the following resolution. 

— > ^ p9 (-6)® 10 — > ^ p9 (-5)® 24 — > ^ p9 (-4)® 15 

Proof. See Lemma l2.2i □ 

Proposition 2.4. X25 is a smooth Calabi-Yau threefold with the following 
topological invariants. 

h 1 ' 1 = 1, ft 1 - 2 = 51, f H 3 = 25, / c 2 (X 25 ) H = 70 

Proof. The basic strategy is to divide the construction of X25 into two steps 
and repeat the similar argumments in the previous subsection. The grass- 
mannian description guarantees the smoothness of X25. That X25 is a 
Calabi-Yau threefold and the determination of J X2r H 3 and § Xv 02(^25) • H 
follow immediately in the same manner as before. The only non-trivial part 
is the determination of the Hodge numbers and we sketch the proof. 

Let X be a pfaffian sixfold associated to (£25, N\), which is Gr(2, 5). Then 
Y = X25 is a pfaffian threefold associated to (<^®- 5 , iV 2 ). A straightforward 
computation with the above lemma shows that h 3 (Y, ^yix) = ^ an< ^ there 
is an exact sequence 

H 2 (X, Q x ®^ Pw ffy) — > H 3 (X, J$ jx ® &^G Y ) 

-^H 3 (X, 0^ Pw Y ) — > # 3 (^, ®€% w Gy) — »■ 0. 

Combining this with the long exact sequence induced from the conormal 
sequence, we have 

h 2 (Y, Q Y ) =h 3 (Y, J$ /x ) + h 2 (X, Q x ®^ Pw &y) - h 3 (X, Q x ®^ Pw Y ) 
=2h 3 (Y,,jy /x ) - h 3 (X, fl P 9 ®ff Fm 0y) = 51. 

□ 



The existence of a smooth Calabi-Yau threefold with the computed topo- 
logical invariants was already predicted in [17] . This Calabi-Yau equation 
has two maximally unipotent monodromy points of the same type, and this 
is clearly explained by the self-duality of Gr(2, 5). 
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Example 2.1. A complete intersection of a pfaffian variety associated with 
= and a quartic hypersurface in Fn7 2 ) yields a smooth Calabi- 

P (l 7 ,2) 

Yau threefold Y\q with the following topological invariants. 

h 1 ' 1 = 1, h 1 ' 2 = 101, / H 3 = 10, [ c 2 (Fi ) • H = 64 
Jy 10 Jy 10 

We expect this to coincides with the double covering of Fano threefold in the 
list of C. Borcea |17j . 

Example 2.2. A complete intersection of a pfaffian variety associated with 
^5 = <^]j? 5 6 , } an d a sextic hypersurface in P(i6 )2) 3) yields a singular Calabi- 

Yau threefold I5. Interestingly, assuming smoothness of this threefold allow 
us to compute its topological invariants as follows 

h 1 > 1 = l, /i 1,2 = 156, f H 3 = 5, [ c 2 (Y 5 )-H = 62. 
Jy 5 Jy 5 

The existence of a smooth Calabi-Yau threefold with the above invariants 
was predicted in [17] . 

The author is grateful to Makoto Miura for indicating the existence of I5 
and Y10 . There are many other choices for locally free sheaves $ of odd rank 
and weights w that yield Calabi-Yau threefolds, but there do not seem to 
exist any other smooth examples that are not previously known. There is, 
nevertheless, an interesting example Xg, which we will deal with in Section 
5. 

3. Mirror Symmetry for Degree 13 Pfaffian 

3.1. Mirror Partner. Our main aim of this subsection is to explicitly 
construct a mirror family of X13. As X13 is not a complete intersection 
Calabi-Yau threefold, the Batyrev-Borisov mirror construction is not appli- 
cable. Now we briefly review the tropical mirror construction proposed by 
J. Bcehm. His construction reproduces the conventional Batyrev-Borisov 
mirror construction for complete intersection Calabi-Yau in toric Fano vari- 
eties. For a thorough treatment of the tropical mirror construction, we refer 
the reader to the original paper pQ. 

Let us start by recalling the Batyrev-Borisov mirror construction, fol- 
lowing the usual notations in [6] . Let M and iV = Hom( M, Z) dual free 
abelian groups of rank d, and Mr and JVr be the scalar extension of M and 
iV respectively. Suppose that Pa is an n-dimensional toric varieity associ- 
ated to the normal fan Ea of an integral polytope A C M. The Cox ring 
S = C[x r |r G Ea(1)] of Pa is graded by Chow group ^4 n _i(PA) via the 
presentation sequence 

— ► M —t Z Sa(1) — ► A n _i(P A ) — > 0. 
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Suppose that A is reflexive and given a nef-partition A = Ai + • • • + Afc or 
equivalently £a(1) = Ii U • • • U then a complete intersection Calabi-Yau 
variety X = V{I) C Pa of dimension d = n — k is the zero locus of a generic 

section {fi% x G tf°(P A , 0- =1 ^P A (^)), where (g)- =1 ^P A (^) = -#p a 
corresponds to the nef-partition. 

Define V, = Conv.({0} U/j) and the Minkowski sum V = VH hV fc C 

iV. Then the following holds. 

A* = Conv.(Vi U • • • U Vfc), V* = Conv.(Ai U • • • U A fe ) 

V = Vi + • • • + Vfc is again reflexive and this gives a nef-partition of V, 
called the dual nef-partition. We define a complete intersection Calabi-Yau 
variety X by using V C N . Choosing a maximal projective subdivision of 
the normal fan of A and V, we get families S£ and of Calabi-Yau vari- 
eties, which are conjectured to form a mirror pair. The important point is 
that giving a nef-partition is essentially equivalent to determining a union 
of toric varieties Xq = V{Iq) to which fibers of maximally degenerates. 

Let Jo be a reduced monomial ideal in the Cox ring S. The degree ho- 
momorphisms Hom(Io, S/Iq)q form a finite dimensional vector space. The 
torus T = C 2 ^ 1 ) acts on S and thus on Hom{lQ, S / Iq)q as well. So the 
vector space has a basis of deformations which are characters of T. Being of 
degree 0, any such character p corresponds to an element m p £ M = Im{A). 
Given a flat family of Calabi-Yau varieties in Pa with special fiber Xq 
such that the corresponding ideal Iq C S is a reduced monomial ideal. We 
represent the complex moduli space of a generic fiber J of by a one- 
parameter family 3£'; Take a T-invariant basis p\,...pi € Hom(Io, S/ Iq)q 
of the tangent space of the component of Hilbert scheme containing at 
Xq and assume that the tangent vector v = Vj' aipi of 3£' at Xq satisfies 
a,i ^ The elements px,...,pi correspond to elements mi, . . . ,mi £ M of 
the lattice of monomials of Pa • The construction of the first order deforma- 
tion of a mirror family X' comes with a natural map via the interpretation 
of lattice points as deformations and divisors, cf. the monomial divisor map 
[6]. Take the convex hull V* of mi, . . . ,mi and define Py the toric vari- 
ety associated to the normal fan of the (not necessarily integral) polytope 
V. Then the toric divisors of Py and the induced divisors on a prospective 
mirror inside will correspond to deformations of Xq in . The Bergman 
complex of Xq defines a special fiber Xq C Py and the first order defor- 
mations X of contributing to the mirror degeneration Xq are constructed 
by the lattice points of the support of Strata(Xo)* C A*. It is sufficient 
to know given family up to first order deformation in the case of complete 
intersection or pfaffian varieties as their deformations are not obstructed. 

To relate S£ to the initial family We need to blow-down the ambient 
toric variety Py to an orbifold quotient of a weighted projective space P w / G, 
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contracting all divisors which do not correspond to Fermat deformation of 
3£ . This blow-down is in general not unique and we choose appropriate one 
on case-by-case basis. The next one-parameter family was conjectured to be 
the mirror family of the degree 13 pfaffian Calabi-Yau threefold X13. Note 
that this family has a special monomial fiber Xq on t = and the first order 
deformation of Xq is given by the Fermat deformation. 

Definition 3.1 (J. Bcehm pQ). Define = {Xt} t£ ^i as the one-parameter 
flat family of the pfaffian Calabi- Yau threefolds associated to the following 
special skew- symmetric 5x5 matrix Nt parametrized by t G P 1 . 










2 5 2 6 


2 3 2 4 


tx 2 


\ 




— tx 





t(x 3 + 24) 


X 2 


XI 






-X5X6 


-t(x 3 + 24) 





txi 


x 






-X3X4 


-X2 


—tx\ 





t(x 5 + Xq 


) 


V 


—tx 2 


-X\ 


-Xq 


-t(x 5 + Xq) 





/ 



Of course, X is nothing but a special one-parameter family of degree 13 
pfaffian Calabi-Yau threefolds. More explicitly, the pfaffian ideal sheaf of 
this family = (Pi, P 2 , P3, P4, P5} is generated by 

Pi = 2 2 2 - tx\ - t 2 (x 3 + X 4 )(X 5 + Xq) 
P 2 = 2 2 3 2 4 - tx 5 XQ(x 5 + Xq) - t 2 X\x\ 
P 3 = 2i2 3 2 4 - tx\ - t 2 xl(x 5 + Xq) 

P4 = X1X5XQ — txf) — t 2 x 2 (x 3 + X4) 

P 5 = X 2 X 5 Xq - £23X4(23 + 2 4 ) - t 2 2g2l. 

Since X t is originally contained in the toric variety P 6 /Zi3, Z13 acts on X t 
as 

Cl3-[»0 : 21 : x 2 : 23 : 24 : 25 : 2 6 ] = [20 : CiW : (l3 x 2 : (13X3 = <M X 4 ■ Ci3 x 5 : Cil^e], 

where £13 = e~ . The fixed points of Xt under this action are 6 points, 
which do not depend on the value of parameter t. Among them, there are 
4 singular points pi = {xi 7^ 0, Xj = ( j / i)} (i = 3, 4, 5, 6), and 2 smooth 
ones p iji+ i = {xi + x i+ i = 0, Xi / xj = (j / + 1)} (i = 3, 5). 

Proposition 3.1. For generic t £ ¥ , singular points of Xt appear only on 
{Pi}i=3 an d ^ach has multiplicity 12. 

Proof. We work on the singular point p 3 , for example. In a neighborhood of 
P3, since Pi.,4,5 7^ 0, X t is defined by the complete intersection of Pi, P4 and 
P5. Then it is easily seen that the germ of this singularity is isomorphic to 
the following cDV singularity 

/ = 2 2 + y 3 + z 5 + zw 2 , (2, y, z, w) £ C 4 . 

Here the action of Z 13 is given by C13 • (x,y,z,w) = {(I3X, Ci 3 y, (i 3 z , Cl3«>). 
The Milnor number of this singularity turns out to be 12. On the other 
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hand, the Jacobian ideal of has dimension and degree 48 0. Due to 
the symmetry, other singular points are of multiplicity 12 as well and hence 
we conclude the singular points are only {pj}f =3 . □ 



Now we have a family of Calabi-Yau threefolds 3£ = {Xt} t€ $>i parametrized 



by t E P . However, this is not an effective family, as Xt = Xr 7 t for £7 = e~ 



via the map 

[x : x 1 : x 2 : x 3 : x 4 : x 5 : x 6 ] i-)- [x : Ct^I : x 2, (fas '■ CjXi : (7^5 : Cf^e]- 

Remark 3.1. It is proved in [Tl] that the above cDq singularity admits no 
crepant resolution. However, the quotient {/ = 0}/Zi3 may have a crepant 
resolution. The definition of this family will be partly justified by calculating 
the Picard-Fuchs equation of it in the next subsection. 

3.2. Period Map and Picard-Fuchs Equation. Since X13 is a smooth 
Calabi-Yau threefold, it has a nowhere vanishing holomorphic 3-form up to 
multiplication with a non-zero constant. Although a pfaffian variety is not 
defined as a complete intersection and there is no way of explicitly getting 
one in general, there is an analogous way of obtaining a global section of 
ux 13 = ^Xi 3 • For the sake of simplicity, we restrict ourselves to the degree 
13 case, but the generalization to the case of general pfaffian Calabi-Yau 
threefolds is straightforward. 

Proposition 3.2 (E. R0dland |12j). Let a G 65. We have a nowhere van- 
ishing global section of ^\ 13 — ^pe(— 7) f\ ^Vx 13 /¥ 6 j up to multiplication 
with a non-zero constant, explicitly given by 

^(1)^(2)^(3)^0 
a — CcrKesx-5 5 5 , 

^(7(1)^(2)^7(3) 

where 

1 6 — 
^0 = Y ^2(-lYxidx A • • • A dxi A • • • A dx 6 . 

This expression is independent of the choice of a so long as the constant C a 
is chosen appropriately. 

Proof. First of all, the invariance of the integrand under scaling of the co- 
ordinates can be checked for each a and thus it is well-defined as a rational 
6-form on P 6 . On the affine open ^(^(s) = {Po(l),a{2),a(i) + 0}, {Pa(i)}i=i 
form a complete intersection and thus {P a (i) }f=i can be seen as a part of 
the local coordinate. We may assume that {-Po-(i) > P a{2) > -^7(3) > x 4> x §i x 6, ^7} 
form the coordinate of A 7 , i.e. ^(^(1) '^(2)1^(3)) / q gj nce we h ave 

7 7i . 7 . ,„ \ - 9(-P<j(1))-P(t(2))-P(7(3)) , . 7 . 7 

dP a{1) A dP ff(2) A dP a{z) = 2^ ^ ' ' \ dx i A dx J A dxk ' 

i<j<k 0\Xi,Xj,X k ) 



^This is done by Macaulay2. 
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the residue theorem provides the following holomorphic 3- form on X13 \ jj { 
P 7 



CT (4),a(5)' 



a = C a alo' Cr( ' 2 o' T< ' 3 ' > o — r y^(— iYxidx^ A • • • A dxi A • • • A dx-j. 

(2ttz)3 ^W > p -m '^(3)) ^ 
v ' d(x ,xi,x 2 ) 



On the other hand, P a (i),a(2),a(3) vanishes if and only if {P a (i)}i=i do not 
form a complete intersection. Therefore i^,^,^) 

^ divides J P (J (i), (T (2), CT (3) : 
and a is globally defined. Furthermore, the local expression of a shows it 
is nowhere vanishing on X 13 . Since X 13 is Calabi-Yau threefold, & Xri is 
trivial and hence the expression of a for each v is merely different by a 
constant. □ 

Although Xt has some singularities, the nowhere vanishing holomorphic 
3-form q is defined on the non-singular locus X t \ Sing(A" t ) and the period 
map of the family is defined as usual since integration can be performed 
on 3-cycle away from the singular locus. For the sake of convenience, we 
work with the variety X% in P 6 instead of Xt/Zi^. Note that Picard-Fuchs 
equations is preserved under taking a quotient of the variety by a finite 
group under whose action a is invariant. More precisely, we can perform 
the integration on X t and obtain the genuine period by dividing by 13. 

At t = 0, the variety X t decomposes into 13 3-dimensional planes and thus 
the origin is a good candidate for a maximally unipotent monodromy point 
of this one-parameter family 3t . The fundamental period can be obtained 
by integrating the holomorphic 3-form on a torus cycle that vanishes the at 
t = 0. Fix a 3-dimensional plane H defined by H = {x\ = X2 = X3 = 0}. 
On the domain H \ ({x^ = 0} U {X5 = 0} U {xq = 0}), there is a cycle given 

I X4 I I X$_ I I XQ_ I 

I Xo I _ I Xo I _ ' Xo 1 

jeH 3 (x t ,C) (\t\ «1) 



by If 4 ! = If 5 - 1 = I I s - 1 = e, which extends to a 3-dimensional torus cycle 

XQ X{) xq j 



Theorem 3.1. Let <&o(*) = J 7 a be a period map of the one-parameter 
family {X t } te¥ i. Then &o(t) has the following expansion near t = 0. 

*^£/;)£(^)(;)V» 

n=0 v 7 fc=0 V / \ / 

can 6e observed that cf) = t 7 <E P l is the genuine moduli parameter of 
{X t } te pi. Thus we shall write $o(<j>) and {X^}^ eP i. Moreover, the Picard- 
Fuchs operator S> of this family is 

$ =13 2 6 4 - c/>(593970 4 + 1175460 3 + 868270 2 + 280540 + 3380) 
+ 2V(63860 4 - 17740 3 - 178980 2 - 115960 - 2119) 
+ 2V(670 4 + 12480 3 + 1O910 2 + 3120 + 26) - 2 12 4 (20 + l) 4 , 
where is the Euler operator 4>J^ . 
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Proof. Let us work on an afine open affine subset U$ = {xo = 1} and fix the 
permutation v = (2, 4, 5, 1, 3). For the sake of convenience, we define ctjj to 
be 



X3X4, 
1 



t 



t 



X^X^ . 

\X2X5X6 



X^Xq 

X3X4 ■ 

X 2 X 3 +2 
XlX^Xg 
X3X ^ 
X2X §XQ 



xix|. 2 \ 
x 2 x i £2 



t 



xi 



xq, x§ xq 



-V 



I 

Then, near the origin, the period integral is described as 



*o(*) = / 



1 



6 



■A 



dxi 



D ^2,4,5 

KeSy — — — l In — , , i \ , 



where T = {|xj| = e (i = 1, ... 6)}. We then expand the denominator of the 
integrand as a power series in terms of Ojj and see that the only terms that 
contribute the period integral is the products f\ that is independent of 

Xi. Suppose Y[ a Tj 3 ( n i,j e ^>o) does not contain any Xi, then Y[ o™}' 3 is a 
product of 

h = 01,101,202,303,103,3 = t 7 = 4> 

t 2 = 01,101,202,203,203,3 = t 7 = (f) 

t 3 = 01,101,201,302,103,103,2 = t 7 = 4> 

and it is easily checked that this expression is unique. Therefore the period 
integral &o(t) is essentailly a function of <fr = t 1 , and henceforth we write 
$0 (</>)■ Note that this is compatible with the previous observation that 
X t = X (7t . Since 



O 



1,1 °1,2 

and the coefficient of FJ a™*' 3 appearing as an integrand $o(<A) is Ili=i 3 4 ("n^n'^tj"!' 3 ) - 
the period integral 3>o(0) can be summarized as follows. 



a l,3 a 3,l a 3,2 a 3,3 a 4,l a 4,2 a 4,3 



00 , 

<w)=E E 



n=0 a+b+c=n 
00 n ri— k 

£££ 

n=0 fc=0 *=0 



2a + 26 + 3c \ /a + 6 + c\ / 2a + 26 + 2c 
a + 6 + c, a + 6 + c, c/ V c, 6, a J \a + c, b + c, a + b 



2n + k\/n + k 
n I \ n 



n — k 
I 



00 n 

EE 

n=0 k=0 



2n + fe 
n 



n + k 
n 



\ n—k / 

n\ sr-^ in — 

k)^\ I 

/ 1=0 v 



e( 2 :)e 

n=0 v 7 fc=0 



n=0 



e( 2 :) e 



2 n 



fc=0 



n + k 
n 

2n + k 
n 



n \ 2 n-k / , 
An \ s. — ■> n — k 



n 



E 

1=0 



2n 
n — I 

2n 
n + k 

n + k 
n — I 



n + I 
k + l 

n + k 
n — I 
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where we used relations 

/ In \ (n + l\ _ ( 2n \ fn + k\ /n + k\/2n\_ /2n\ /n\ 
\n-l)\k + l)~\n + k)\n-l) , \ n ) \n + k) ~ \n ) \k) ' 




$o(0) coinsides with the power series solution of the Calabi-Yau equation 
of No. 99 classified in |16| . whose Picard-Fuchs equation is exactly what we 
are looking for. □ 

Corollary 3.1. Let a 1} a 2 be the roots of 2560 2 + 3490 - 1. Then the 
Riemann's P-Scheme of S 1 is given by the following. The conifold points are 
oti, oli- 



( 





OL\ 


«2 


13/16 


00 


Pi 














1/2 


< Pi 





1 


1 


1 


1/2 \ 


P3 





1 


1 


3 


1/2 


{ P4 





2 


2 


4 


1/2 J 



As we have expected, 2 has a maximally unipotent monodromy point at 
= and other singular points of Q are on RUoo. Observe that 00 is not a 
maximally unipotent monodromy point in the usual sense but very similar 
to that. This will be discussed later in this paper. 

3.3. Picard-Fuchs Equation around and Curve Counting. We now 

briefly review Gromov-Witten and BPS invariants. Let X be a Calabi-Yau 
threefold and let N^(X) = J^j Q r x p)] vir ^ ^ e ^ ne 0-P orn t genus g Gromov- 
Witten invariant of X in the curve class (3 G H 2 (X,Z). Here [M gfi (X, p)] vir 
is the virtual fundamental class of the coarse moduli space of stable maps 
M g fi(X, f3) of expected complex dimension (1— g)(dimX — 3)+ fgCi(X) = 0. 

Definition 3.2. Define BPS (Gopakumar-Vafa) invariants nPAX) by the 
formula 

E e jv?(x)a*-v = E E »Z(*) E ^ -(|)) 2fl - 2 ^- 

LHS is the generating function of Gromov-Witten invariants of N^(X) of X 
in all genera and all nonzero curve classes. Matching the coefficients of the 
two series yields equations determining n JX) recursively in terms N^(X). 

As the Picard-Fuchs operator *3i of = {A^j^gpi has a maximally 
unipotent monodromy point at <f) = 0, we can define the mirror map q(4>) 
there and calculate the conjectural genus g BPS invariants {n 9 d }d£N of X13. 
In what follows, we work on the case g = 0, 1 for simplicity. Since it is 
a routine work to calculate the mirror map and the Yukawa couplings, we 
omit the detail of those computations below. For a complete description, 
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see for example [H E] . 

A good integral basis of ^(X^Z), which corresponds to the normalized 
solutions of Si below, determines a canonical coordinate q of complexified 
Kahler moduli of X13. At <fi = 0, we have two normalized solutions of S, 
$o(0) an d §\{4>). ^o{(t>) is of the form of power series such that $0(0)=! 
and &i(<fi) satisfies 

$i(0) = (log(0))$ o (^) + *(0), 
where \I/(</>) is regular at = and ^(O) = 0. These give the mirror map 

g(</,) = (j) + 86</> 2 + 12901(/> 3 + 2460318</> 4 + 536898O260 5 + . . . 
The quantum corrected Yukawa coupling 

K ttt (q)= [ H 3 + {q^-)^N d (X 13 )q d €Q[[q\] 

is then determined by the mirror map q((j>) to be 

K m (q) = 13 + 647q + 129975<? 2 + 25451 198<? 3 + 5134100919g 4 + . . . 

We will apply the following BCOV formula for g = 1 Gromov-Witten po- 
tential Fi(4>) to X13. 



Fi(0) = ilog 



$ o (0) 12 



f x c 2 (X)-H 




disc(4>) e c/r 

Here we assumed that the exponent of the discriminant is 1/6 as usual. 
Then the g = 0, 1 BPS invariants are computed to be 



d 


„u 
n d 




1 


647 





2 


16166 





3 


942613 


176 


4 


80218296 


164696 


5 


8418215008 


78309518 



Since we have the defining equations of X13 , we can in principle count the 
number of degree d rational curves on general X13 and check the coincidence 
of it with n d as follows. Write a map P 1 — > P 6 as 

d d d 

[u: v]^ [J2 anfv 4 -* : b^v^ : • • • : J^uV* - *]. 

i=0 i=Q i=0 

Then the image of this map is contained in X\% if and only if Pj(x(«, v)) = 
(i = 1, . . . , 5) for all [u : u ] 6 P 1 . This containment condition yields depen- 
dent equations in {ao,a\, . . . ,gd-i,gd}- Since what we want to count is not 
maps from P 1 to X13 but rational curves in X13, we must kill Aut(P x ) by 
suitably normalizing the map. As the proportional polynomials also define 
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the same map, the number of the independent parameters turns out to be 
7(d + 1) — 3 — 1. We predict that the ideal generated by the dependent 
equations has dimension and the degree v? d . 

When d = 1, we have 19 dependent equations and 10 parameters. For a 
generic choice of N and with suitable normalization, we actually compute 
the degree of the ideal and get the answer 647, as the mirror symmetry 
predicts^. Explicit calculation is available upon request. 

3.4. Picard-Fuchs equation around oo. In [12] . E. R,0dland constructed 
a mirror family for the degree 14 pfafnan Calabi-Yau threefolds X14 = 
Pfaff(7) n P 6 by orbifolding the initial threefolds. His work is notable from 
two aspects. Firstly, this is the first example of mirror symmetry for a 
non-complete intersection Calabi-Yau threefold with h ' = 1. Secondly, 
the Picard-Fuchs equation of the mirror family X14 has two maxiamlly de- 
generating points; 00 corresponds to the initial X14 and corresponds to 
Gr(2,7) n P 13 C P 20 , which is the projective dual of Pfaff(7) n P 6 C P 20 . 
In fact, this pair is the first example of a derived equivalence between non- 
birational Calabi-Yau threefolds [3]. K. Hori and D. Tong presented how 
to describe these Calabi-Yau threefolds with GLSM using a non-abelian 
gauge group in two dimensions [9]. The link between the pfaffian X14 and 
the grassmannian sections Gr(2,7) 1 7 was further studied in [10], in which a 
thought-provoking phenomenon in the higher genus Gromov-Witten invari- 
ants is discovered. 



In our case, 00 is apparently an interesting point of & and it seems worth- 
while to analyze it in detail 0. We will first see that it makes sense to call 00 
a maximally unipotent monodromy point and calculate the virtual invari- 
ants there. Changing the coordinate from eft to l/<p and transforming the 
gauge by y/4> amount to the change, — > — 9 — > —9 — 1/2, in the Euler 
operator. Let us also change the variable from cj) to —eft for later use. Then 
the Picard-Fuchs operator becomes 

@' =2 20 9 4 - 2V(10729 4 - 178249 3 - 108889 2 - 19769 - 145) 
+ 2 5 ^ 2 (510889 4 + 1163689 3 - 452649 2 - 142289 - 1397) 
+ 130 3 (731O49 4 + 15369 3 - 4889 2 + 3849 + 97) + 13 2 4 (29 + l) 4 . 

Although $ has a maximally unipotent monodromy point at 4> = 0, the in- 
tegrality of mirror symmetry breaks. It is observed that there is a preferable 
choice of variable 4> = </>/2 16 , and then everything miraculously goes well. 
The coefficients 1 /2 16 is chosen to be the minimum, for which the integrality 
of the normalized period, the mirror map and the BPS invariants holds, as 

This is done by Macaulay2. 
3 This type of special point also appears when we consider a Calabi-Yau threefold V 7 2i . 
The quantum differential equation of Pj4 is 8 4 — 2 4 q(2d + l) 4 . 
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we will see 0. 

The Picard Fuchs operator 3i with respct to this new variable is 

® =6 4 - 2 4 c/>(10729 4 - 178249 3 - 108889 2 - 19769 - 145) 

+ 2 17 </> 2 (510889 4 + 1163689 3 - 452649 2 - 142289 - 1397) 

+ 13 • 2 28 c/> 3 (731049 4 + 15369 3 - 4889 2 + 3849 + 97) 

+ 13 2 2 44 4 (29 + l) 4 . 

This is the Calabi-Yau equation of No. 225 in [T7]. However, the expected 
positive Euler number corresponding to this point [IB] excludes a geometric 
interpretation by a Calabi-Yau threefold with h > = 1. Since & has a 
maximally unipotent monodromy point at 0, it still makes sense to speak of 
the virtual BPS invarinats {^}deN corresponding to 0, 



d 


r7° 

n d 


1 


70944a 


2 


107300032a 


3 


3707752060576a 


4 


66327758316665792a 


5 


1970671594871618215520a 



where a is supposed to be the degree of the virtual geometrjU We hope 
to understand the meaning of these virtual invariants, which may not come 
from Calabi-Yau geometry. 

3.5. Conclusion. It is classically known that the monodromy matrix of 
the quantum differential equation with respect to an appropreate basis is 
expressed in terms of the geometric invariants of the underlying Calabi-Yau 
threefold with one dimensional moduli. In what follows, we assume that 
the origin is a maximally unipotent monodromy point. Then J x H 3 and 
j x C2(X) ■ H can be read off from the monodromy around the origin and the 
conifold point. After it is analytically continued to the origin, the conifold- 
period Z2{t) has the form 

z 2 {t)-— — t + 1+ ((3) + ^N d (X)q , 

y J d=l 

where q = e 2mt . So we obtain J x c^(X) as well and have consistency check 
of f x C2(X) ■ H. It was numerically verified in [T7] that the invariants 
computed from the differential equation £F coinsides with the fundamen- 
tal geometric invariants of the degree 13 pfafnan Calabi-Yau threefold X , 
j x H 3 , j x C2(X) • H and J x c%(X). Gne feature of mirror symmetry is that 
the interchange of Hodge numbers, but as X admits no crepant resolution, 

^S. Hosono pointed out that the change of the sign and the coefficient 1/2 16 can be 
justified by the analytic continuation of the local solutions about to oo. 
5 a is expected to be 1 in [P7] . 
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our claim that (a suitable resolution of) Xtj r L\z is a mirror partner for X is 
based on the coincidence the fundamental geometric invariants mentioned 
above. An alternative and preferable way of the verification is direct com- 
putation of the Gromov-Witten invariants of X13, such as |14j . 

Conjecture 1. The BPS invariants of the degree 13 pfaffian Calabi-Yau 
threefold X13 coincides with the numbers {nfydeN we calculated above, as 
mirror symmetry predicts. 

4. Mirror Symmetry for Degree 5, 7, 10 Pfaffians 

4.1. Mirror Partners. Following the lead of the degree 13 case, we con- 
struct mirror families for the smooth Calabi-Yau threefolds we obtained in 
the section 2, except the degree 25 case. Since we do not know a systematic 
way of finding an appropreate blow-down, we omit the finding procedure of 
mirror partners in this paper. See Appendix for the conjectural BPS invari- 
ants computed via families of Calabi-Yau threefolds in this section. 

Definition 4.1. Define ^5 = {X^^teF 1 as the one-parameter family of 
degree 5 pfaffian Calabi- Yau threefolds X^ t t associated to the following special 
skew- symmetric 5x5 matrix N^j parametrized by t 6 P 1 . 



/ 





tXQ 


X4 


XqXi 


tx 5 \ 




-tXQ 





t{xl + x\) 




X2X3 




— X4 


-t{xl + x\) 





t{x\ + xl) 


x 6 




-XqXi 


-x 5 


-t{x 2 2 + xl) 





tXi 


V 


-tx 5 


-X2X3 


-Xq 


— tX4 


J 



This is a conjectural mirror family for A5 and degenerates to a union of 
toric varieties with normal crossings at t = 0. In fact we choose X^^q as a 
candidate for the fiber over a maximally unipotent monodromy point and 
deform it so that the first order deformation is Fermat type. Then the de- 
formation automatically extends to higher orders, so long as it is a pfaffian 
Calabi-Yau threefold, and we obtain ^5. 

Z10 acts on X^ t t as follows 

Cw[xo : xi : x 2 : x 3 : x A : x 5 : x 6 ] = [x : x\ : ( w x 2 : Cio^3 : CfW : Cio x 5 : Cio^e], 

where £io = e^o~. There are 8 fixed points under this action, p-y = {xi ± 
Xi + \ = 0, xi / xj = (j 7^ i,i + 1)} (i = 0,2) which are singular with 
multiplicity 2. Each is locally isomorphic to the following cDV singularity 

h = x 3 + y 2 + zw = 0, (x, y, z, w) e C 4 , 

where the action of Z 10 is given by £10 • (x, y, z, w) = (CioX, (f y, Cio^, Cio™)- 
Since dim(Sing(X5 jt )) = and deg(Sing(A5 jt )) = 8, there is no other singu- 
lar point on Xs >t . 
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It is observed that 3t§ = {X^^t&f 1 ls n °t an effective family, as X^ it — 
-^5,Cwt ^ or Cio = e ~ via the map 
[x : xi : x 2 : x 3 : x 4 : x 5 : x 6 ] H> [x : x\ : x 2 : (f x 3 : C 4 x 4 : Cio^S : Cio x e\- 

Proposition 4.1. T/ie period integral of the mirror family {X^^t&r 1 * s 
computed to be 

-«-gC:)?G:)(":')C::f)0 

and i/ie Picard-Fuchs operator 3)$ is given by the following. 
^ 5 =© 4 - 2V(5006 4 + 9769 3 + 677G 2 + 1898 + 19) 

+ 2V (3968G 4 + 39688 s - 13368 2 - 11646 - 177) 

- 2 1 V 3 (5006 4 + 248 3 - 378 2 + 66 + 3) + 2 12 ^(2Q + l) 4 , 

where we put <fi = t 10 . 

Proof. The computation is almost identical to the degree 13 pfaffian case. 

□ 

This Picard-Fuchs equation ^5 is the Calabi-Yau equation of No. 302 listed 
in [16] . The topological invariants computed from ^5 coincide with those of 
X5 as we expected. 

Corollary 4.1. Let a\,a 2 be the roots of 256(ft 2 — 1968^+ 1, then Riemann's 
P-Scheme of is given by the following. 



4> 





a 1 


a 2 


1/16 


00 


pi 














1/2 


P2 





1 


1 


1 


1/2 


P3 





1 


1 


3 


1/2 


PA 





2 


2 


4 


1/2 



Interestingly enough, the Picard-Fuchs operator ^5 has two special points, 
and 00. There is again a preferable new variable <f> = 4>/2 s and the Picard- 
Fuchs equation around 00 with respect to this new variable is identical to the 
initial one. Hence, both of the special points and 00 seem to correspond 
to the Calabi-Yau threefold X§ in this case. 

Definition 4.2. Define 3£i = {Xi^^i as the one-parameter family of 
degree 7 pfaffian Calabi-Yau threefolds Xj t t associated to the following special 
skew- symmetric 5x5 matrix Njt parametrized by t € P 1 . 



/ 





tx\ 


X Xl 


x 5 


tXQ 


\ 




-tx\ 





tx 5 


Xq 


X3X4 






-XqX\ 


-tx 5 





t(x 3 + x 4 ) 


x 2 






-X5 


-x 6 


-t(x 3 + x 4 ) 





t(x + X\ 


) 


V 


-tXQ 


-X3X4 


-x 2 


-t(x + Xi) 





/ 
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Z7 acts on Xfj as 

C7 • [x : x\ : x 2 : x 3 : x 4 : x 5 : x 6 ] = [x : x x : (7^2 : C7^3 : C7^4 : C7 X 5 : CjXq], 

where (7 = e~ . This action has 6 fixed points, which do not depends on the 
value of parameter t. We have dim(Sing(X7 jt )) = 1 and deg(Sing(X7 it )) = 4. 
Sing(A7^) passes through 2 of the above fixed points, namely p-^-i+x = 
{xi + Xi+i = 0, X{ 7^ = (j 7^ i, i + 1)} (i = 0, 3). 

It is observed that 3tj = {Xj^teP 1 is not an effective family, as Xf t — 
Xj^ 9 t for ^9 = e 9 via the map 

[x : xx ■ x 2 : x 3 : x 4 : x 5 : x 6 ] (->■ [x : x t , : (9^2 : x 3 : x 4 : Cg^5 : Cg^e]- 

Proposition 4.2. T/ie period integral of the mirror family {Xjj} t ^i is 
computed to be 

^E(:")E(r)( 2 ;)v 

n=0 v 7 fc=0 V / V / 

and the Picard-Fuchs operator ^7 is given by the following. 

® 7 =7 2 G 4 - 2 • 3 • 7</>(1272Q 4 + 2508Q 3 + 1779G 2 + 5256 + 56) 
+ 2 2 3</> 2 (43704Q 4 + 380886 3 - 25757G 2 - 20608G - 3360) 

- 2 4 3 3 </> 3 (2736G 4 - 1512G 3 - 1672Q 2 - 357Q - 14) 

- 2 6 3 5 (/> 4 (2Q + 1) 2 (3G + 1)(3Q + 2), 

where we put <f> = t 9 . 

Proof. The computation is almost identical to the degree 13 pfaffian case. 

□ 

This Picard-Fuchs equation ^7 is the Calabi-Yau equation of No. 109 listed 
in [16] . The topological invariants computed from coincide with those of 
X-j as we expected. 

Corollary 4.2. Let ax, 012 be the roots o/432c/> 2 + 10800— 1 ; then Riemann's 
P-Scheme of Q-j is given by the following. 









ax 


«2 


7/36 


00 


Pi 














1/2 


P2 





1 


1 


1 


1/2 


P3 





1 


1 


3 


1/3 


P4 





2 


2 


4 


2/3 J 



is the only maximally unipotent monodromy point of ^7 . 
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Definition 4.3. Define = {-X'lo.tjteP 1 as the one-parameter family of 
degree 10 pfaffian Calabi-Yau threefolds Xioj associated to the following 
special skew- symmetric 5x5 matrix NiQ jt parametrized by t G P 1 . 






tx^ 


XqXi 


x 6 


t(x 2 + x 3 )\ 


tx^ 





tXQ 


X2X3 


X5 


-XqXi 


-tXQ 





tx 2 5 


X4 


-Xq 


-X2X3 


-tx 2 5 





t(x + Xl) 


t(x 2 + x 3 ) 


-X5 


—X4 


-t(x + Xl) 


/ 



Z10 acts on Xio,* as 

Cio-^o : xi : x 2 : x 3 : 24 : x 5 : x 6 ] = [x : x\ : (f x 2 : Cio 2 ^ : Cio x 4 : Cio^5 : CiVe], 

where (10 = e^r. There are 6 fixed points, all of which are singular and 
do not depends on the value of parameter t. Among them, 4 points pi = 
{xi 7^ 0, Xj = (j / i)} (i = 0, 1, 2, 3) appear with multiplicity 12 and other 
2 = {xi + = 0, Xi / = (j 7^ «,i + 1)} (i = 0,2) with 

multiplicity 7. The singularities are locally isomorphic to the following cDV 
singularities, for (x,y,z,w) G C 4 . 

/10 = x 4 + y 2 + z 2 w + zw 2 = 0, 

where the action of Z 10 is given by C10 ■ {x, y, z, w) = (Cl x, (f y, Cf z, Ciqw), 
and 

510 = x 8 + y 2 + zw = 0, 
where C10 • (x,y,z,w) = ((f x, ( w y, (f z, (f w). Since dim(Sing(A > i )) = 
and deg(Sing(Xio)) = 62, there is no other singular point on Xiqj- 

It is observed that JTio = {-Xio^teP 1 is not an effective family, as Xio,t = 
X 1Q £2 t for (ie = e 16 via the map 

[x : xi : x 2 : x 3 : x 4 : x 5 : x 6 ] i-> [x : x 1 : x 2 : x 3 : Cf 6 x 4 : CiW : CiVe]- 

Proposition 4.3. T/ie period integral of the mirror family {-Xio,t}tepi *s 
computed to be 

n=0 V 7 k=0 V 7 

and i/ie Picard-Fuchs operator 3>iq is given by the following. 
$ w =5 2 9 4 - 2 2 5</>(6886 4 + 13526 3 + 9816 2 + 3056 + 35) 
+ 2V 2 (58566 4 + 70086 3 + 966 2 - 12606 - 265) 
- 2 1 V(1766 4 + 1206 3 + 696 2 + 306 + 5) + 2 12 e/> 4 (26 + l) 4 , 

where we put <\> = t 8 . 

Proof. The computation is almost identical to the degree 13 pfaffian case. 

□ 
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This Picard-Fuchs equation £^io is the Calabi-Yau equation of No. 263 
listed in [16j . The topological invariants computed from £$iq coincide with 
those of Xio as we expected. 

Corollary 4.3. Let ax, a.2 be the roots of 256<p 2 — 5440 + 1, then Riemann's 
P-Scheme of S>\q is 
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a i 


«2 


5/16 


oo 


Pi 














1/2 
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1 
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1/2 


P3 
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3 


1/2 


P4 
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1/2 J 



The Picard-Fuchs operator fi^o has two special points, and oo. The 
Picard-Fuchs operator @>iq around oo with respect to the new variable <f> = 
l/(</>2 12 ) is 

# 10 =G 4 - 2 4 0(7O49 4 + 9289 3 + 6129 2 + I486 + 13) 

+ 2 12 2 (58569 4 + 47049 3 - 16329 2 - 9726 - 121) 

- 2 20 5</> 3 (27529 4 + 969 3 - 609 2 + 249 + 7) + 2 28 5 2 ^ 4 (29 + l) 4 . 

This is the Calabi-Yau equation of No. 271 listed in [16]. The existence of 
a Calabi-Yau threefold with the corresponding topological invariants was 
predicted in [IT]. It would be interesting to find the Calabi-Yau threefold 
and study the relationship with Xio- 

4.2. Conclusion. As a generic member of the mirror family is quite singu- 
lar just as the degree 13 case and we don't know if it admits any crepant 
resolution, the verification of the mirror phenomena is again based on the 
coincidence of the fundamental geometric invariants of the initial Calabi- 
Yau threefold with the invariants obtained from monodromy calculation of 
the Picard-Fuchs equation of the mirror family |17] . 

Conjecture 2. The BPS invariants of the pfaffian Calabi-Yau threefold 
Xi {i = 5, 7, 10) coincides with the numbers {n 9 d }den i n Appendix as mirror 
symmetry predicts. 

5. Another Example 

Although we could not find any other new smooth pfaffian Calabi-Yau 
threefolds in weighted projective spaces, there is an interesting example Xg. 

Definition 5.1. Set a weighted projective space P wg = P^^)- Define the 
degree 9 Calabi- Yau threefold Xg as a pfaffian variety associated to the locally 
free sheaf A = ^ Pwg (2) ^ Pwg (l)© 2 < w 2 g . 

Xq turns out to be isomorphic to Pg 2 - Therefore Xg twofold interpreta- 
tion. If we regard Xg as a pfaffian Calabi-Yau threefold, we can apply the 
mirror construction we did to the previous pfaffian cases. 
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Definition 5.2. Define = {Xgt} t6 pi as the one-parameter family of 
degree 9 pfaffian Calabi- Yau threefolds Xgj associated to the following special 
skew- symmetric 5x5 matrix N$t parametrized by t £ P 1 . 

/ XqX\X2 tXQ X3X4 

— XqXi Xq t(xs + X4) tx$ 

Ng tt = -Xq X 5 t(x Q + Xi + X 2 ) 

— tX6 — *(^3 + Xi) —%5 1 

\ x 3 x 4 -tx 5 -(x + xi + x 2 ) -1 

Indeed Xq is globally denned by complete intersection of Po > Pi an d -P2 • 
The period integral and the Picard-Fuchs operator 3>q of the conjectural 
mirror family coincides with well-known one 



*o<^e( 3 ;) 

n=0 v 7 



2 '2n^ 2 



n 



n 



e 4 -3 2 ^(39 + l) 2 (3G + 2) 5 



where we put <p = t 8 . Interesting observation is that this one-parameter 
family Xo, is not isomorphic to the conventional mirror family for P| 2 defined 
by 



X XiX 2 + t{x\ + x\ + X5 



X3X4X5 + i(xg + x\ + xp 



This is a family of smooth Calabi- Yau threefolds, while a general member 
of J^g has singularities along a curve. These two families may bridge two 
mirror constructions. 

It is classically known that a mirror family for a given family Calabi- Yau 
threefolds can be constructed by taking special loci of the initial family, 
which are not necessarily on the Fermat points emphasized by the initial 
construction inspired by the conformal field theories. For more details, see 
[7], and the reference therein. 



Appendix 
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x 7 
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3 


18676572 
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-^10 


d 




n d 


1 


888 





2 


33084 


1 


3 


3003816 


2496 


4 


399931068 


2089393 


5 


65736977760 


1210006912 


d 






1 


2400a 


40 


2 


1829880a 


138040 


3 


2956977632a 


687719624 


4 


7117422755016a 


3822563543952 


5 


21319886408804640a 


21893828822263288 





References 

[1] J. Boehm, Mirror symmetry and tropical geometry. arXiv:0708.4402vl. 

[2] G. Bom and D. Buchsbaum, Threading homology through algebra : selected patterns. 

Oxford Mathematical Monographs. Oxford University Press, 2006. 
[3] L. Borisov and A. Caldararu, The PfafSan-Grassmannian derived equivalence. J. Alg. 

Geom. 18 (2009), no.2, 201-222. 
[4] D. A. Buchsbaum and D. Eisenbud, Algebra structures for finite free resolutions, and 

some structure theorems for ideas of codimension 3. Am. J. Math 99 (1977), no. 3, 

447-485. 

[5] P. Candelas, X.C. de la Ossa, P.S. Green, and L. Parkes, A pair of Calabi-Yau 
manifolds as an exactly solvable superconformal theory. Nuclear Physics, B359(1991), 
21-74. 

[6] D. A. Cox and S. Katz, Mirror Symmtery and Algebraic Geometry. Mathematical 
Surveys and Monographs, Volume 68, 1999. 

[7] C. Doran, B. Greene and S. Judes, Families of Quintic Calabi-Yau 3-Folds with 
Discrete Symmetries. Commun. Math. Phys. 280 (2008), 675-725. 

[8] D. Grayson and M. Stillman, Macaulay 2: A computer program designed to support 
computations in algebraic geometry and computer algebra. Source and object code 
available at http://www.math.uiuc.edu/Macaulay2/ Mirror Symmetry I, 347-389, 
AMS/IP Stud. Adv. Math., 9, Amer. Math. Soc. Province, RI, 1998. 

[9] K. Hori and D. Tong, Aspects of Non-Abelian Gauge Dynamics in Two-Dimensional 
N=(2,2) Theories. JHEP 2007, no.5, 079, 41pp. 



'a is expected to be 2 in [17] . 



PFAFFIAN CALABI-YAU THREEFOLDS AND MIRROR SYMMETRY 



20 



[10] S. Hosono and Y. Konishi, Higher genus Gromov-Witten invariants of the Grassman- 
nian, and the Pfaffian Calabi-Yau threefolds. Adv. Theor. Math. Phys. Vol.13 No. 2 
(2009), 463-495. 

[11] S. Katz, Small resolutions of Gorenstein threefold singularities. Algebraic Geometry: 
Sundance 1988, Contemporary Mathematics 116, American Mathematical Society, 
61-70. 

[12] E. R,0dland, The Pfaffian Calabi-Yau, its Mirror, and their Link to the Grassmannian 

Gr(2, 7). Composio Mathematica 122 (2000) no.2, 135-149. 
[13] M. Shimizu and H. Suzuki, Open mirror symmetry for pfaffian Calabi-Yau 3-folds. 

JHEP Volume 2011, Number 3, 83. 
[14] E. Tj0tta, Quantum Cohomology of a Pfaffian Calabi-Yau Variety: Verifying Mirror 

Symmetry Predictions. Composio Mathematica 126 (2001), 78-89. 
[15] F. Tonoli, Construction of Calabi-Yau 3-folds in P 6 . J. Alg. Geom. 13 (2004), 249-266. 
[16] C. van Enckevort and D. van Straten, Electronic data base of Calabi-Yau equations. 

http : // enriques. mat hematik. uni-mainz . de / C Yequat ions / 
[17] C. van Enckevort and D. van Straten, Monodromy calculations of fourth order equa- 
tions of Calabi-Yau type. Mirror symmetry V, 539-559, AMS/IP Stud. Adv. Math., 

38, Amer. Math. Soc. Province, RI, 2006. 
[18] C.T.C. Wall, Classification Problems in Differential Topology V. On Certain 6- 

Manifolds. Inv. Math. 1, 355-374, 1966. 

Department of Mathematics, University of British Columbia 
51984 Mathematics Rd , Vancouver, BC, V6T 1Z2, CANADA. 
kanazawaOmath . ubc . ca 



